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In the analysis of large strains and unlimited displacements, the com-
patibility conditions for translational displacements and rotations of
elements of a deforming body will be formulated in terms of invariant de-
formation characteristics. The equilibrium equations are so transformed
that it becomes possible to introduce a stress function in terms of whose
derivatives the invariant characteristics of the true stress can be very
simply expressed. With the aid of complex coordinates the mathematical
formulation of the problem can be presented in a compact form, The solu-
tions of actual problems can be found by successive approximations where
every step reduces to the solution of the classical biharmonic problem,
In conclusion, as an example, the stress concentrations near a circular
cylindrical cavity are studied.

1. Geometry of the Plane Deformation of a Continuous Bedy.
Two states of the continuous body, the original and the deformed, are
studied. The position of a material particle in the original state is
given by the Cartesian coordinates x,, %, %;. The displacement vector
u = u,i, denotes the passage of the body from the original to the de-
formed state to be analyzed. In this paper repeated indices indicate
summation on these indices from one to three. In plane strain, only the
displacement components u, and u, are different from zero, and they are
assumed to be functions of x; and x, only.

The linear components of the strain tensor and the components of the
vector @ are computed from formulas [1]

€11 = Uy,1, €2 = Uy, 2819 = Uyp + Usy (1.1)
€13 = 823 =5 333 = 0, (01 e 0)2 = Oy 2(‘03 = u?«l - ulc2

The indices 1 and 2 after a comma denote partial differentiation with
respect to the variables x, and Xy, for instance
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w ous _
i S = Uz
The projections a,, of the vectors a, which are orthogonal to the

material coordinate surface elements in the deformed state are expressed
in terms of the derivatives of the displacements by the formulas

ay; =14 &g, &gz = — (819 — Wg), Oyg = Olgg == Qg = Qgy = 0 (1.2)
Qpy = — (812 + @3), pa =151, agg=(1F 2853} (1 -+ gg9) — ;% + 03?

Finally, we shall introduce expressions, in terms of derivatives of
the displacements, for the coefficients of distortion s, of the areas of
the coordinate surface elements, elongations A _ of the coordinate fibers,
and the magnitudes A of the relative change of volume:

A = 83" = (1 + e11)® + (812 + ©5)° (1.3)
hag? =597 = (1 - €00)® o+ (Brg —wa)®  55% = &g = (1 + A)*

The relations introduced here show that the geometry of the deformed
state of the neighborhood of an arbitrary point of the body and the
orientation of this neighborhood is completely determined by the four
derivatives Uy g One can also choose another set of four parameters,
where an important part is played by the strain invariants, as a set of
coordinates of the deformed state of the neighborhood of a point.

Denote the angle between the first principal direction of the strain
in the original state and the first coordinate direction by 6. The
elongations of the principal fibers will be denoted by A ,, where A, = 1.
Assume that during the deformation the neighborhood of the point rotates
as a rigid body around i, through an angle w.

On the basis of the geometric interpretation of the parameters 0, o,
)\1, and 4\2, it may be stated that these parameters are sufficient for the
determination of the deformed state and the orientation of the neighbor-
hood of a partlcle in the deformed state. In particular, €., and can
be expressed in terms of the parameters 6, o, A; and A,. With this goal
in mind let us study the unit vectors Ik' whlch det.ermme the directions
of the pringipal fibers in the original state

I, = cosBi; - sinBi,, I, = ~— sin 6i; - cos Bi,, =i,

and the unit vectors Ik"' which determine the directions of the same
material fibers in the deformed state

I'=cos(8 + w)i, + sin (0 4 0) i, (1.4)
L' = —sin (0 + w)iy +cos (8 + w) iy, Iy’ =g '
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On the other hand, the vectors (1.4) can also be determined from the
fundamental relation of the general deformation theory [21]:

I, = ;_n (Ip 4 0ty % I + ((€ix)) Tl (n=1,2) (1.5)

Here i3 x I denotes the vector cross product, and the symbol ((e ik))In
represents the result of a linear transformation of the vector In by means
of the tensor {{¢ ik))‘

By setting the different expressions of the same vectors equal to each
other, the required relations between the variant and the invariant strain
characteristics are easily obtained. Let us reduce these relations to a
form which is most suitable for further application, and let us solve for
the respective derivatives:

2(1+ o) = (b + 1g) €08 @ + (b —g) €08 (26 + ©) = 2(1 -+ u11)
2 (813 — wg) = — (M + hg) sin @ - (M — Mp) sin (26 + ) = 2uy (1.6)

2(1 + 8p) = (A F Ag) cosw — (A, — Ap) cos (20 + o) = 2 (1 4 u,,)
2 (eyp + wg) = (A -+ Ng) sin @ - (A; — Ag) sin (28 - ©) = 2u,,

From this, incidentally, the geometrical meaning of the vector o in
plane strain can easily Le established:

23 = (A + Ay) sin @

If the simplifications inherent in the formation of the linear de-
formation theory were carried out, then (1.6) would reduce to expressions
for the strain tensor components with respect to arbitrary axes in terms
of the principal values of the strain tensor.

2. Compatibility Cohditions for Translational Nisplace-
ments of Particles of the Body and Conditions of Continuity
of Small Rotations. As is well known [3 ], in the classical theory of
the requirements of continuity of translational displacements and small
rotations of the elements of the body lead to the strain compatibility
conditions: the St Venant identities and the Beltrami equations. The St
Venant identities retain their validity as conditions for the continuity
of the displacements and also the functions w, for deformations which
are not small, In order to simplify later applications of the compati-
bility conditions for plane strain in problems formulated in terms of
stress, the strain compatibility conditions will be written in terms of
invariant strain characteristics, which preserve the geometrical meaning
with unlimited strains and displacements. It will here be assumed that
the constancy of the volume during deformation is a physical property of
the deforming body:

A=0 (2.1)
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The logarithmic elongations of change of shape [ deviators] are ex-
pressed in terms of the intensity 3; and the phase 8 of the change of
shape [ strain deviator] by the formulas

A _
ln'-v———(1 Ay = V2 9;c08By, Bi=8, B=PB+ -:-7:, Bs = pwz_,r (2.2)

Therefore, the phase of the plane strain of the incompressible material

1s known to be determined:

=5 (2.3)

Thus the principal elongations of the incompressible material in plane
strain are determined by only one parameter, the intensity of change of
shape [ strain deviator] :

AAr=2cosh V158, MN—r=2sinh V1535, l=1 (2.4)

In the case of plane strain of the incompressible material, the de-
formation parameters ¢ ,, and w_ can be expressed by using formulas (1.6}
and (2.4), in terms of the invariant strain characteristics 9; and w and
the variant quantity 6. Comparing the mixed second derivatives of u, and
u,, computed according to (1.6), we obtain the conditions of continuity
of translational displacements of the body elements:

2(0 - w), = 2cosh a0, — (cosh 3), - (sin 20 sinh 9),; — (cos 20 sinh 3), (2.5)

2(0 4- @)y = 2cosh 30, - (cosh 3),; — (sin 20 sinh3), — (cos 20 sinh 3),

where
9:=2Y1.59=2In(1 4+ v), M= —1 (2.6)
The rotations of the body elements can be determined from equations
(2.5) if it is assumed that the pure strain characteristics § and  are

known. The conditions for the continuity of these rotations can easily
be found from (2.5):

(cos 20 sinh 9), o — (cos 20 sinh 9), 13 — 2 (sin 26sinh 9), 1o +
+ {eosh 3), 11 -+ {cosh 9), 22 -+ 26, 5 (coshd); — 20 , (cosh 8),5 =0

(2.7)

Relation (2.7) does not differ in contents from the said St Venant
identity. If a system of simplifications corresponding to the theory of
small deformations is adopted, i.e, if sinh 2 =35, coshg== 1, then an
equation is obtained which also agrees in form with the St Venant equa-
tion,

3. Stress-Strain Relations, Equilibrium Equations.  The
differential equations of equilibrium in Lagrange coordinates [ 2]
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contain as the fundamental unknown functions the generalized stresses X_,
which are expressed in terms of the coefficients of distortion of the co-
ordinate surface elements s_ and the contravariant components o, of the
true stress tensor, referred to the deformed system of coordinate fibers.
If a normal to some material surface element coincided with in before de-
formation, then the normal to this same material surface element will be

b, after deformation, hence

Skbk = galy -+ iy (k=1.2) (3.1)
Let us recall that o, represents the orthogonal projection of the
stress [ traction] vector, acting on a surface element whose normal is b,
in the direction bn. It is useful to compute in advance the projections
of the unit vectors of the nommals to the coordinate surface elements in

the deformed state onto the directions of the principal fibers in the de-
formed state. Let

br = b Iy’ - by’ (3.2)
then on the basis of (3.1) and (1.4) we find

bi18; = ay; = ay3 €08 (8 + ) + o5 8in (0 4 o)
ba$1 = @13 = — ayy 8in (8 ++ ©) 4 a5 cos (8 4 )
b218z = g1 = %y €08 (B + ©) + gy sin (0 + w)

bgeSy = Gyp = — iy Sin (8 + @) + a5 cos 8+ o)

—

(3.3)

We will assume henceforward that the principal directions of the
stresses in the state under consideration coincide with the directions of
the principal fibers in the deformed state. Then the stress [ traction]
vectors o, acting on the surface elements whose normals are b, can
easily be expressed in terms of the true principal stresses o, and o,.
Thus we haye

Oma = Om + by
and hence the use of (1.2) leads to the following relations:

— 2 — 2 2 —
Ly = 01a,% + 9,057, Lgp = 0185;° -+ 98,7, Lyg = 914110z + 9281285, (3.4)

With formulas (3.3) available, the generalized stresses can be com-
puted in temms of the principal stresses and the symmetric characteristics
of the deformed state. The principal stresses can in turn be expressed in
terms of symmetric stress invariants: the hydrostatic stress o, the octa-
hedral shearing stress r,, and the stress phase ¢ - by means of the
formul as

°k=°+V§TiCOSCpk, P =@, @2:@—}——;—7:, @3;:@—%1:
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Since the third principal stress - the axial stress o, - is determined
from the value of the hydrostatic stress only, the phase of the true
stresses in the plane deformed state is known to be ¢ = 1/6 =.

This the examination of the physical properties of a body undergoing
plane deformations reduces to the experimental determingtion of the de-
pendence of the octahedral shearing stress on the intensity of the change
of shape [ strain deviator] for different values of the mean normal stress.
Since only a limited range of variation of the hydrostatic stresses will
be studied, it will be assumed henceforward that the following relation
1s known from experiments:

0 = T (Qi) (35)

It is to hold good universally for the range of hydrostatic stresses
studied. The intensity of the change of shape [ strain deviator] will in
turn be assumed to depend only on the octahedral shearing stress.

Assuming that the phase of the true stresses can be determined, the
expressions for the principal true stresses are first obtained.

oy=0+ V157, ogp=0—) 1.5, 63 =20 (3.6)
and then the expressions for the generalized stresses are also determined:

L1 + By = 20 coshs — 2/ 1.51;sinhis
Ly — Loy = 20820 (— o sinha + V1.5 1; cosh 9) (3.7)
Zjp = sin 20 (— o sinho + V1.5 cosh 8)

The general equilibrium equations in Lagrange coordinates [2], as
applied to the case of plane strain in an incompressible material, are
considerably simplified and presented as follows:

i+ B +Enfu+ZnfiutLie(fist+fi) =0
Ti01 + Baes + Biafia + Baofas + L1a (fos + faa) = 0

if it is assumed that inertia terms are absent,
Here the following notation was used:

fu= ;—cos 209, — sinh 9sin20 (60 + ), ,
fiz= S-sin2089, + 0, - (—cosh s - sinh 5 cos 29) (6t w),,

fia=2sin20s; 48, 4 (—coshg -+ sinh 9 cos 20) (6 + w),;
fu= %cos 205, — sinh 9sin20 (8 + w),

Ja= 5sin20s ; —6 ; -+ (cosha + sinhocos 20) (8 + w), ;
J22=—— 08209 , - sinhosin 26 (8 + w),
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Jaa = —;—sin 28,,95 —0, 4 (coshs + sinh9 cos 20) (6 + ),
faa=— 308283, + sinh 9sin 26 (6 + w),

If it is assumed that the displacement compatibility conditions (2.5)
and the expressions for the generalized stresses (3.7) hold good, then
the differential equations of equilibrium can be written in the form of a
homogeneous algebraic system with two differential operators operating on
the stress invariants with a determinant different from zero. The only
possible trivial solution of this system represents a new form of the
equilibrium equations:

c . .
(V_rf; — f -+ ticos 20),1 4 (i 5in 28),, =0

‘sin 20 s 20 0 58
(isin 26), +(m——f—ricos >,2=
where
3
f=2V15h Sfi (0:) doi (3.9)

0
The structure of the equilibrium equations (3.8) is similar to that of
the corresponding equations of the classical plane problem, and it thus
becomes obvious that it is possible to introduce a stress function U.
Satisfying the equilibrium equations, we let
G
Vﬁ—f+1100526=pU,22
=]

Vs

Here, for convenience, we have introduced a constant multiplier p,
which represents the characteristic stress in every problem. Simple
algebraic operations lead to a somewhat different form of equations (3.10):

1810 20 =—pU 5. (3.10)

—f—ricos20 = pU,,

Sin 20 = —‘—p—U,lz, COSs 26 = —;L(U,zg _ U’ll)
T; T
(3.11)
T? = P2 [(U’12)2 + —i(Uszz —U’11)2]9 _31-——5 = f + ‘;P (U122 + lel)

Since the deformation intensity is assumed to be uniquely determined
in terms of the stress intensity, it can be asserted that not only the
stresses but also the deformation characteristics @ and can be deter-
mined from the stress function.

For continuity of displacements and rotations corresponding to the
system of strains thus determined, the choice of the stress function must
be subject to the condition of compatibility of small rotations (2.7).
Substitution of expressions (3.5) and (3.11) into compatibility equation
(2.7) leads to a differential equation, whose solution is the solution of
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the problem in terms of the stress function. The actual form of this
equation in Cartesian coordinates is not written down here, as below we
will introduce a more compact formulation of the problem in complex co-
ordinates.

4. Formulation of the Boundary Conditions. To formulate the
geometrical conditions on the boundary of the body we must have at our
disposal the physical characteristics of the material (3.5) and the ex-
pressions for the displacement components in terms of the stress function.
Here we shall be concerned only with the general formulation of the
static boundary conditions.

Assume that at every point of the cylindrical surface of the body the
true normal stress po_ and the true shearing stress pn_ are given. Here
we can note that giving the corresponding conventional stresses pA .o,
and pA,7,, where A_ is the elongation of the surface fiber, does not
introduce any considerable complications into the solution of the problems.

Let a be the angle between the direction of the first coordinate axis
and the direction of the outward normal v to the surface of the body. The
direction of the.unit vector r, tangent to the contour of the body, is so
chosen that the region occupied by the body is always at the left-hand
side when the contour is followed in the positive direction. Thus the
vectors of the normal and the tangent are determined by the formulas

¥ = ngdy 4+ nply,  T= —n,i; b mi;,, ny=-cosa, n,=sina

On the basis of the fundamental relation of the deformation theory, we
find the direction of the tangent to the contour of the body in the de-
formed state:

Mt =1 F @l X T+ ((En))
where

A2 = N2 cos? (o — 0) + X2sin®(x —0) = cha —sha cos2(x—0) (4.1)

Having first determined the projections of the vector r in the
directions of the principal fibers in the deformed state, the unit vector
v’ normal to the contour of the body in the deformed state can easily be
found:

¥ = Mycos (a—0)I," 4 X sin (0 — 6) I

After the orientation of the boundary surface element of the body with
respect to the principal stress directions has been determined, the
normal and tangential stresses at the boundary surface element can be
expressed in terms of the principal stresses or the symmetric stress in-
variments:
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Phi2on = A% — V1.5 1; |sinhs — cosh 9 cos 2 (a — )]

— 4.2
Phttp = — Y 1.51sin2 (@ —6) (4.2)

If the functions @ and 5; are here replaced by their expressions in
terms of the stress function U, then a formulation of the boundary condi-
tions for the stress function is obtained. In the solution of actual
problems it is recommended to group these conditions so that the limit-

ations are applied to the derivatives of the stress functions along the
arc of the body contour.

5. Statement of the Problem in Complex Coordinates. As in
classical problems of the theory of elasticity of the plane strain state,
the solution of many problems in the theory of finite deformations of an
incompressible material is conveniently found in terms of complex co-
ordinates. let

z = x4 -} i%,, z2=1,+ iz,

and the subscripts z and z will denote partial derivatives of a function
with respect to the given coordinates, First of all, transform formula
(3.11) to complex variables and obtain

; — ; P - P -
sin 20 = — i o Uz —Uszz), cos 26 = O U+ Uz (5.1)
. v, —U;
i2 = 4p? 22 722; = 22y O=i__22 22
T p2U ,,U V f+2pU; tg20 =i 7T

Using these expressions in the displacement compatibility equation
(2.7), and changing to complex variables, we find

p ( s_i__'%‘:‘i U;;) +p r8inhs Uzz);i + (cosha),; + (B, (cosha)z — 6z (cosh9);] =0

i \ T3
From (5.1) it can easily be verified that

i, = — (Uzz Ugz— U:Z;UZZZ)) 9z = ’_"— (UzzzUzz —_— UzzzUzz)

and thus the equation to be solved is in the form

(Si:ha Uiz) + (sinTl: ) Uu);_ + %(cosh 9)sz +

i z

2z

(5.2)
1p sinha do (U 22Uz — U22Uzz) =0

T 4

If, in particular, the assumptions of the classical theory of elasti-
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city sinh 9 = 3, cosh 2 = 1, sinh 9/ri = G~ 1 are used, and components of
the order of magnitude of the strains as compared to unity are neglected
in equation (5.3), this equation can easily be reduced to the biharmonic
equation,

To represent the static boundary conditions in terms of complex vari-
ables, let us turn to formulas (4.2) and on the basis of (5.1) state them
as follows:

phi%o, = Gceoshy — Vﬁ T; cosh 3 +
=~ (osinha — Viwf) 7; cosh'a) (U, €2 |- Ujze—2%)

iphtty = YV 1.5p (U .e%i* — Uszze=2i%)

Hence we can easily find

Vis SA;Zh 0 = 205~ Uppe® — Ugzem2i® 4 -—/ +
+}) t]]z 9 [jUzzUzZ —t_ (P j - 2Uzz> (Uzzezia —! U —8"'21&)] (5-3)'
»_2x .

On the other hand, the derivatives of the stress function along the arc
of the contour are given by the formula

U .
go == e (U et — U3)

Thus, the values of the derivatives of the stress function at the
boundary and the values of the normal and tangential boundary stresses are
related as follows:

AU, 22 e,
R e (’“J"T/’T—E—)Jr

i (o — B [ U - (L 4 20 ) Ut - Uses)

(5.4)

This represents the fornulation of the static boundary conditions.

In application it often becomes convenient to apply isometric curvi-
linear coordinates, which can be obtained as a result of conformal
mapping:

L =C(2)

where

2 -t

,é‘ 82 __l____ilr é_,
2_ovd, Soviitrg, £ =U2
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and the compatibility equation (5.2) becomes

(C'i')z [(sinha UCC) +(s1nt‘1ra Uc_z)ct]_*_ﬁrzalcn [(sl&h;_ UC)EE_*_

Ti [<4 i i

n (S1nl‘]r: UEE)C] INE L [(slnlli Uf)m + (Si_“__t:’— Uz:c)E] =+

+ 20T (cosh s}z + LEUE [(f‘i“h‘_’ U;)E+(S‘““ Uz)c]—}— (5.5)

Ti T

+ PP T () (Ut + U QU e + TUe) —

T dy

— B T + 30U + €2 + ) U] [0t +
4 35/{'};(]5& + (Enz + Euc"m) UE]} =0

Here the strain intensity is assumed to be represented in terms of
the stress intensity and finally in terms of the stress function, since
i = 4p* (UL + Ul L?) (UL + Uggl’®)
The boundary conditions are also subject to the same transformation.

Let us study, as an example, the integration of the basic equation
using an arbitrary law of change of shape. Since only an axisymmetric de-
formation is desired, we shall seek a stress function which depends only
upon the radial distance of a point in the body:

U = ®(v), v =12z
In the case investigated
12 = hpto2Q"?

UrUsis —UnilUin = 5 — (5.6)

Hence the compatibility equation becomes

() (4 0 A

i 2z

After changing to the variable v, and after two successive integrations,
we obtain

W0 =Gk,

where G, and G, are constants of integration.

Using (5.6), we find
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sinh 23 = (cosh 9 — —Ci — 1>2
v

and after simple transformations the law of the change of strain inten-
sity becomes

o s =4[ O (5 )]

The constants G, and G, are to be determined from the boundary condi-
tions.

6. Special Forms of the Basic Equation Corresponding to
Different Physical Laws of Change of Shape. Let us first con-
sider two special representations of the physical laws of deformation
where the physical properties are characterized by only one constant. If
the physical nonlinearity is expressed by the function

7; = (Gsinh s, G = const (6.1)

then it can easily be found that

da 1 P
—_— = 249 — 2 - —
T, ~Gooshe’ cosh?9 =1 + &2, Uz, v C

and the solution equation becomes

29U 1237 + (cosh 9) 7 + Y (U:zUszz — U2, Usz7)=0

coshs

Using the expression of the strain intensity in terms of the deriva-
tives of the stress function, we find

(:1 + 4V2U22U'ZE)HI' Uszszz — 2v3 (UzzUi;)z (Uzz[/r'z;); -+

(6.2)
4 (1 + 4V2UZZUZE) (UzzUiz)z—z + ‘;UZZEUZEE — —; UzzzUﬁ;] =0
A more widely-occurring physical nonlinearity is of the type
7; = G tan 9, G = const (6.3)
In this case we find
ds _ cosh’? sinhs _ coshos L — P
v, = ¢ n ¢  tT%
(6.4)
1 4er, U /ﬁ_laln@_i
cm— — HAU 22U 22, =3 G"‘)

and the compatibility equation

1 [(cosha U,,)z; + (cosh 9 Uzz)..] -+ (cosh 8) 7 + p2eosh? o (U, 2Uzz — UspUszz) = 0
(6.5)

is expressed in the following form:
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4
Uiz + 2 WLy (U) =0 (6.6)

k=1
Here a special notation for the nonlinear differential operators for
the stress function was used:
Ly(U) =tz 4+ 4UalU: — U0z, t=UUz
Ly (U) = — 8tU 3z + 26U 3 + 263050 + U3 + 15U
Ly(U) = — 4Ly (U) + 6t (U220 12z — U 2aUsiz) +
+ 68U 22Uz + 68U U0 3z
Ly (U) = 1612 ;53 — 4t [2¢,U 57 4- 263U 2 +
+ .05 + 62U + 6 (U (1) + U (85)°)

(6.7

The structure of the basic equation (6.2) or (6.6) and the boundary
conditions obtained by the application of (5.4) indicates that it is
possible to express the solutions of specific problems in terms of ex-
pansions in series of powers of the parameter v or p:

U=U® 4 pU® 42 (U) + .. (6.8)

Here the determination of the *zero-th" approximation becomes equivalent
to the solution of the problem of the classical theory of elasticity,
which is the generation of a biharmonic function satisfying the boundary
conditions

Unz®=0 (6.9)

The following differential equations are obtained for the determination
of successive approximations

Useii® o+ Ly (U©®) =0 (6.10)

Urr® + Ly (UO) 4 (U000 + Uz O W) ; + (6.11)
+ % (lizzz(B)Uz}E(n + Uz%E(O)UzzE(l)) - ‘; (UZZ!(O)U;%‘:'(I) + I]H;(O)Uzzzu)) =0

From this it follows that for the determination of each of the
successive approximations it is necessary to find the particular solutien
of a nonhomogeneous fourth-order equation and then to determine the bi-
harmonic function from the boundary values. The Muskhelishvili method is
recommended [ 4 ] for the solution of problems formulated in this fashion.

In conclusion, it should be noted that the "zero-th" and the " first"
approximations for the cases of physical nonlinearity of type (6.1) or
(6.3) are the same. Thus the known [ 5] methods proposed for solving
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problems of the nonlinear theory of elasticity with a plane deformed
state require justification.

7. Example of Analysis of Stress Concentration Near a Circular Cylind-
rical Cavity in an Inffinite Body. Let us study an infinite body having a
circular cylindrical cavity. The axis z3 coincides with the direction of
the axis of the cavity of radius R, and we will thus study the state of
the plane X, Xy The state of stress of the body at infinity is assumed
to be given, Without loss of generality of this state we assume the body
to be compressed by a load at infinity of intensity 2 pqyv 1.5, uniformly
distributed along axis - It is necessary to find the stress distribution

around the stress-free surface of the cavity.

From the given stresses at infinity
6100 = O, 6200 == 20'3°° = pq2 V‘fg

in the case of a physical nonlinearity of type (6.3) we compute the
symmetric invariants

rolrd

) 1
WO=PO Y=g [P=—3P p i)

From this, the formulation of the conditions for the stress function
at infinity can easily be obtained:
1 o 1 1
U, °=U;"=—5¢ U,;=—5¢+ 5 n(l—p?

In accordance with the rules of the method of small parameters, we
find the conditions at infinity for the successive approximations:

(i 1
(U)o = W50y = (U D) =— 5 (1.1
) o 1
Vo= W Na=0, @) =g 12
(Uzz(z) )oo = (Ugi(z))oo = (Uz;(z))co =90,.. (7.3

The conditions at the stress-free contour z = — Reia is obtained on
the basis of (5.4) with de = — Rda:

d

7 7.4

g U0 =0 (7.4)

e dd_a U = i (U220 — U700 (UDe?* 4 Usze™%%) (7.5)

R
‘1%""{“ ;_a U,® =i [— (U 50 + U, OUz ) (U0 + U5 +
+ U, 0U;® 4 U,;00, ® —U,;0W, D2 4 U M), (7.6)

The biharmonic function U(o). satisfying conditions (7.1) at infinity
and condition (7.4) on the contour of the cavity is known [4]1. using
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the Goursat formula for the representation of the biharmonic function and
the representation of analytic functions in terms of power series, we ob-
tain
1 1 F4 2 - -
U®=-1g -»-R‘( + _—) 4+ 2R? (—_- + —) +2R*Inzz — (z + 2)? .7
22 z2 z ¥4

Computing L, (UO). we let
T R® 2R4 i 1 2
P05 om[ S i m )+-—~+—"-—+,,2] (1.8)

(zz)3 (z2)? s 2%

and find that equation (6.10) will be satisfied if the function U1} — gl1)
is biharmonic. Again use the Goursat formula and let

200 = 25D 4+ 7p0(3) 4 250 (2) + *D (3) + ¥ (3)
where ¢{1) and x(l) are analytic functions.
Satisfying conditions (7.2) at infinity, we find
2w () =— 2o et o0 S
—;ﬂ(l) (2) = ¥D ln (z) + %™ —}; + @ ;1; +

¥When computing the boundary values of thg derivatives of U(o), we ex-
press the condition on the contour z = — Re'® for determining function
') in the form
d ) 1. —ia
o U, =—-1i¢°R (1 42 cos 2a)* ¢

When this condition is satisfied, we find

o 1 - 3 -4 ;\ 1 2 z
U(H=U(1)+92[— .Zzz+ _?S.Rz (.?_[_?}_*__33& (-;z-_;+;s-)_

—-%’R’Inz?—{—1—;3‘(%-}--::;)—4%1{“(-:7—%%;)] (7.9)
In computing the stress at the point z = —~ R, we obtain
U, lz——R =UzO e p=UFY e =~ —: 7 U =Uz" =— —::
Uz = —3q2, =; = 3pq {1 + wz) , V‘% =—3pq (i +4 uq)
Letting ¢ = 1/2 v/ 1.5, we find
0y | = —p, 62|y g =—p-3(1+0.2p) (7.10)

Thus, to allow for only the first approximation in the stress function
expression leads to an increase of the stress concentration coefficient
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as compared with the concentration coefficient computed in the classical
theory of elasticity.

This again demonstrates that the first approximation allows for only
the geometrical nonlinearity. It is necessary to determine U 2 in order
to allow for the effect of the physical nonlinearity. The process of de-
termining the second approximation does not differ basically from that
described above for computing the first approximation. Leaving out the
complicated expression for U 2 , we here introduce only the expression
for the concentration coefficient as computed on the basis of the second
approximation:

c2max
m=-—p—=3(1+02u—u?
Og

From this it follows that, starting with a maximum value of umax==3.03
for u = 0.1, we can find a lowering of the stress concentration coeffi-
cient together with an increase of the intensity of the external forces.
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